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SOME COMBINATORICS OF BINOMIAL COEFFICIENTS AND
THE BLOCH-GIESEKER PROPERTY FOR

SOME HOMOGENEOUS BUNDLES

MEI-CHU CHANG

Abstract. A vector bundle has the Bloch-Gieseker property if all its Chern
classes are numerically positive. In this paper we show that the non-ample bun-
dle ΩpPn (p+ 1) has the Bloch-Gieseker property, except for two cases, in which

the top Chern classes are trivial and the other Chern classes are positive. Our
method is to reduce the problem to showing, e.g. the positivity of the coeffi-

cient of tk in the rational function (1+t)
(np)(1+3t)

( n
p−2)···(1+(p−1)t)(

n
2)(1+(p+1)t)

(1+2t)
( n
p−1)(1+4t)

( n
p−3)···(1+pt)(

n
1)

(for p even).

The existence (or nonexistence) of low rank vector bundles on the projective
n-space has been intriguing to many mathematicians ([BH], [E1], [EHS], [H2], [H3],
[Ho], [HM], [KPR], [LV], [OSS], [T], [V], [Z]). For n ≥ 4, the only known bundles
of rank r < n, besides the Horrocks-Mumford bundle (of rank 2 on P4) [HM], and
the Horrocks bundle (of rank 3 on P5) [Ho], are the null-correlation bundles [OSS],
and Tango’s example of rank n − 1 indecomposable bundles on Pn [T]. A null-
correlation bundle is the quotient of ΩPn(2) by OPn , for n odd. Tango’s example
is the quotient of Ωn−2

Pn (n − 1) by the right number of sections. Here, ΩPn is the
cotangent bundle, and Ωn−2

Pn is its (n − 2)nd exterior power. The idea behind the
construction of the null-correlation bundle and Tango’s example is very simple: for
a globally generated bundle of rank r ≥ n, and with trivial top Chern class, its
quotient by r − n+ 1 sections is a vector bundle. This same idea was also used in
[C] to characterize Buchsbaum bundles. Along these lines, a natural question to
ask is

Does ΩpPn(p+ 1) have trivial top Chern class?
Since ΩpPn(p + 1) is generated by global sections and its Chern classes are non-

negative, this is the same question as
Is cnΩpPn(p+ 1) positive?
A theorem that immediately comes to mind is by Bloch and Gieseker [BG].
If E is an ample vector bundle of rank r on an n-dimensional variety, and if

r > n, then all Chern classes of E are numerically positive.
So we give the following

Definition. A vector bundle has the Bloch-Gieseker property if all its Chern classes
are numerically positive.
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However, the theorem of Bloch and Gieseker does not apply to ΩpPn(p + 1),
because of the following observation by Z. Ran.

Observation. ΩpPn(p+ 1) is not ample.

In fact, the restriction of ΩpPn(p+ 1) on a line has trivial summands.
Using some fun combinatorics of binomial coefficients, we show that with a few

exceptions, the Chern classes of ΩpPn(p+ 1) are all positive.

Theorem. The homogeneous bundle ΩpPn(p+1) is not ample and it has the Bloch-
Gieseker property, except for the following cases:

(i) p = 1 and n is odd,
(ii) p = n− 2.
In the two cases above, the top Chern classes are trivial and the other Chern

classes are positive

We note that in the theorem above, case (i) gives the null-correlation bundle,
and case (ii) gives Tango’s example.

Fulton and Lazarsfeld [FL] generalized Bloch and Gieseker’s result and showed
that the Schur polynomials for ample bundles are positive. So the next question is

Question. Are the Schur polynomials for ΩpPn(p+ 1) positive?

S. Katz and S. Stromme have written computer software [KS] to compute the
numerical invariants we are interested for given projective spaces.

We also note that L. Ein [E2] has a nice argument to show the vanishing of
cnΩn−2

Pn (n − 1) (which is the same as the Segre class of ΩPn(2)) by looking at the
map to the Grassmannian of lines given by the tautological line bundle. The fibre
of this map is P1.

Problem. Find a geometric argument to show that ΩpPn(p+ 1) is positive (zero).

Our method does not give an immediate answer to the question. Our approach
is to estimate the coefficients of the Chern polynomial of ΩpPn(p + 1). Recall that
the Chern polynomial is the polynomial whose coefficient of tk is the kth Chern
class. It is multiplicative for exact sequences [H1].

We use the Koszul resolution of ΩpPn(p + 1) to write the Chern polynomial of
ΩpPn(p + 1) as the quotient of the products of Chern polynomials (1 + at)N of
N⊕
OPn(a). Hence the problem is reduced to determining whether certain functions

of the binomial coefficients are positive. More precisely, we let

Ωp(p+ 1) := ΩpPn−1
(p+ 1).

The Koszul resolution of Ωp(p+ 1) is

0→ Ωp(p+ 1)→
(
n
p

)
O(1)→

(
n

p− 1

)
O(2)→ · · · → nO(p)→ O(p+ 1)→ 0.

(1)

Therefore the kth Chern class of Ωp(p + 1) is the coefficient of tk in the rational
function

(1 + t)(
n
p)(1 + 3t)(

n
p−2) · · · (1 + (p− 1)t)(

n
2)(1 + (p+ 1)t)

(1 + 2t)(
n
p−1)(1 + 4t)(

n
p−3) · · · (1 + pt)(

n
1)

(2)

(for p even),
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(1 + t)(
n
p)(1 + 3t)(

n
p−2) · · · (1 + (p− 2)t)(

n
3)(1 + pt)(

n
1)

(1 + 2t)(
n
p−1)(1 + 4t)(

n
p−3) · · · (1 + (p− 1)t)(

n
2)(1 + (p+ 1)t)

(2′)

(for p odd).
Our idea is to write (2) as a product of power series with positive coefficients.

Therefore, we first give a criterion for the coefficient of tk in

(1 + at)M

[
(
1 + (a− 1)t

)(
1 + (a+ 1)t

)
]N
, a > 0,(3)

to be positive (Proposition 2). Then we apply the criterion to as many factors as
possible in the numerator in (2).

Note that when a = 1, (3) is

(1 + t)M

(1 + 2t)N
,

and the criterion takes care of the beginning quotient in (2) and (2′).
This argument works for p ≤ n

2 , when the binomial coefficient
(
n
k

)
as a function

of k, is increasing for k ≤ p. The ideal situation is when there are not enough
factors in the denominator in (2), i.e. when, as a function of k,

(
n
k

)
is concave up.

So, in order to apply Proposition 2 we multiply the deficit to both the denominator
and the numerator. Hence we end up with a product of rational functions (3), with
a = 1, 3, 5, · · · , p−1, and nonnegative powers of (1+2t), (1+4t), · · ·

(
see expressions

(10), (11) and (13)
)
. However,

(
n
k

)
is concave down for n

2 −
√
n < k < n

2 +
√
n and

the denominator does have unused powers of (1 + (p− k + 1)t) for k in this range.
So we give a criterion for the positivity of the coefficient of tk in the “left-over”
from function (3). ∏

(1 + ait)Mi∏
(1 + bjt)Nj

, ai > bj , ∀i, j,(4)

to take care of the negative powers of (1 + 2t), (1 + 4t), · · ·
(
see expression (13)

)
.

For p > n
2 , we note that if

Qq := ΩqPn−1
(q + 1),

then

Q∗q(1) = Qn−1−q.

Dualizing exact sequence (1) and twisting by OPn−1(1), we get

0→ O(−q)→ nO(−q + 1)→ · · · →
(

n
q − 1

)
O(−1)→

(
n
q

)
O → Q∗q(1)

= Qn−1−q → 0.
(5)

Hence, if

p := n− 1− q > n

2
,

then

n > 2q + 2.

Hence the kth Chern class of

Qp = Qn−1−q = Q∗q(1)
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is the coefficient of tk in the rational function

(1− 2t)(
n
q−2)(1− 4t)(

n
q−4) · · · (1 − qt)

(1− t)(
n
q−1)(1− 3t)(

n
q−3) · · ·

(
1− (q − 1)t

)(n1)(6)

(for q even),

(1− 2t)(
n
q−2)(1− 4t)(

n
q−4) · · ·

(
1− (q − 1)t

)(n1)
(1− t)(

n
q−1)(1− 3t)(

n
q−3) · · ·

(
1− (q − 2)t)(

n
2)(1− qt)

(6′)

(for q odd).
We call this the negative case, (because of the negative coefficients in the factors)

and the case for p ≤ n
2 the positive case. In some sense, the negative case is the

dual of the positive case. However, one result does not follow immediately from the
other.

Similar to the criteria for the positivity of the coefficients of tk in the rational
functions (3) and (4), we have criteria for those in

[
(
1− (a− 1)t

)(
1− (a+ 1)t

)
]N

(1 − at)M(7)

and ∏
(1 − ait)Ni∏
(1− bjt)Mj

, ai < bj, ∀i, j.(8)

Note again that in (7), when a = 1, this is

(1 − 2t)N

(1− t)M .

We need it for the beginning quotient in (6) and (6′).
The paper is organized in the following way:
In Section 1, we treat the positive case.
In Section 2, we treat the negative case.
We use [r] for the largest integer n such that n ≤ r.

Acknowledgements. The author would like to thank L. Ein, S. Nollet, and Z.
Ran for helpful communications.

1. The positive case

In this section we first give criteria for the positivity of the coefficients of tk in
the rational functions (3) and (4). Then we use them to prove the positivity for
function (2), and outline the difference for (2′).

Lemma 1. Let c(M,N, k) be the coefficient of tk in

(1 + at)M

[
(
1 + (a− 1)t

)(
1 + (a+ 1)t

)
]N
.

Then we have the following properties
(i) c(M,N, 0) = 1,

c(M,N, 1) = (M − 2N)a.

(ii) c(M, 0, k) =

{(
M
k

)
ak, if M ≥ k,

0, otherwise.
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(iii) c(M,N, k) = c(M − 2, N − 1, k) + c(M − 2, N, k − 2).

Proof. (i) and (ii) are obvious.
Since the value of a does not play any role in our argument, we write the case

a = 1 here for simpler notation.
Property (iii) follows from the following identity

(1 + t)M

(1 + 2t)N
=

(1 + t)M−2

(1 + 2t)N−1

(
1 + 2t
1 + 2t

+
t2

1 + 2t

)
=

(1 + t)M−2

(1 + 2t)N−1
+

(1 + t)M−2

(1 + 2t)N
t2.

Proposition 2. For k > 1, the coefficient of tk in

(1 + at)M

[
(
1 + (a− 1)t

)(
1 + (a+ 1)t

)
]N

is positive, if

M − 2N ≥ k − 1.

Proof. It is by induction. Here we give the details of the steps to show where the
hypothesis comes from.

We use the notation as in Lemma 1.

Lemma 1 (iii) gives

c(M,N, k) = c(M − 2, N − 1, k) + c(M − 2, N, k − 2)

= c(M − 4, N − 2, k) + 2c(M − 4, N − 1, k − 2) + (c(M − 4, N, k − 4)

= c(M − 6, N − 3, k) + 3c(M − 6, N − 2, k − 2)

+ 3c(M − 6, N − 1, k − 4) + c(M − 6, N, k − 6)
...

After i steps, c(M,N, k) is a linear combination of c(M − 2i, N̄ , k̄), where the
possible pairs of (N̄ , k̄) are

(N − i, k), (N − i+ 1, k − 2), · · · , (N − 1, k − 2i+ 2), (N, k − 2i).

Our goal is to do reduction until a term has N̄ or k̄ equal 0 (or k̄ equal 1, if k is
odd), then we put it in the “positive number” term and continue applying Lemma 1
(iii) to the other terms. So in this situation, we say

(∗) After i steps, c(M,N, k) is the sum of a positive number and a linear combi-
nation of c(M − 2i, N̄ , k̄).

and discuss the possible (N̄ , k̄).

Case 1. N ≥ k
2 .

(a) k = 2i, an even number. After i steps, for c(M − k, N̄ , k̄) the possible (N̄ , k̄)
are

(N − i, k), (N − i+ 1, k − 2), · · · , (N − 2, 4), (N − 1, 2).

Note that c(M − k,N, 0) was put in the “positive number” term.
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We continue N − i more steps, the possible (N̄ , k̄) for c(M − 2N, N̄, k̄) are

(1, k − 2), (2, k − 4), · · · , (i− 2, 4), (i− 1, 2).

Again, c(M − 2N, 0, k) and c(M − 2N, i, 0) are put in the “positive number” term.
Finally, another i − 1 step reduce those not in “positive number” term to

c(M − 2N − k + 2, 1, 0) or c(M − 2N − k + 2, 0, 2), which is nonnegative.
To assure all steps work, the condition is M − 2N − k + 2 ≥ 0.
(b) k = 2i + 1, an odd number. The steps are the same. In (∗), “positive

number” is replaced by “nonnegative number”. However, at least one of them i.e.
c(M − 2N, 0, k) is positive. To be sure that we have nonnegative coefficients put
in the “nonnegative number” term at the ith step, we want c(M − 2i, N, 1) =
M − (k − 1)− 2N ≥ 0.

Case 2. k
2 > N .

The argument is similar. We outline the case when k is even here.
After N steps, the possible (N̄ , k̄) for c(M − 2N, N̄, k̄) are

(N, k − 2N), (N − 1, k − 2N + 2), · · · , (2, k − 4), (1, k − 2).

Another k
2 −N steps give

(N − 1, 2), (N − 2, 4), · · · , (4, 2N − 4), (2, 2N − 2)

as possible (N̄ , k̄) for c(M − k, N̄, k̄).
It is clear that N − 1 more steps finish the proof and the condition is M − k −

2(N − 1) ≥ 0.

Remark 2.1. To use this proposition, when M,k are given we take N = [M−k+1
2 ].

Therefore

N =
[

1
2
M − n

2
+ 1
]

works for all k ≤ n− 1.

Lemma 3. Let c(M,N, k) be the coefficient of tk in

(1 + at)M

(1 + bt)N
, a > b.

Then we have the following
(i) c(M,N, 0) = 1,

c(M,N, 1) = aM − bN .

(ii) c(M, 0, k) =

{(
M
k

)
ak, if M ≥ k,

0, otherwise.
(iii) c(M,N, k) = c(M − 1, N − 1, k) + (a− b)c(M − 1, N, k − 1).

Proof of (iii). This follows from

(1 + at)M

(1 + bt)N
=

(1 + at)M−1

(1 + bt)N−1

(
1 + bt

1 + bt
+

(a− b)t
1 + bt

)
=

(1 + at)M−1

(1 + bt)N−1

(
1 +

(a− b)t
(1 + bt)

)
.
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Proposition 4. For k > 1, the coefficient of tk in

(1 + at)M

(1 + bt)N
, a > b,

is positive, if

M −N ≥ k − 1.

Proof. This is similar, but simpler than the proof of Proposition 2. We use the
language as in (∗).

After i steps, c(M,N, k) is a linear combination of c(M − i, N̄ , k̄), where the
possible (N̄ , k̄) are

(N, k − i), (N − 1, k − i+ 1), · · · , (N − i+ 1, k − 1), (N − i, k).

Assuming N ≥ k.
After k steps, we get to c(M − k, N̄, k̄), with (N̄ , k̄).

(N − 1, 1), (N − 2, 2), · · · , (N − k + 1, k − 1), (N − k, k).

Another N − k steps give c(M −N, N̄, k̄) with (N̄ , k̄)

(k − 1, 1), (k − 2, 2), · · · , (2, k − 2), (1, k − 1).

The last k − 1 steps finish the proof.
The case k > N is similar.

Proposition 5. The coefficient of tk is positive in∏
(1 + ait)Mi∏
(1 + bjt)Nj

, ai > bj, ∀i, j,

if ∑
Mi −

∑
Nj ≥ k − 1.

Proof. Let a = min
i
{ai} and let b = max

j
{bj}. Then the coefficient of tk in∏

(1+ait)
Mi∏

(1+bj t)
Nj

is at least that in (1+at)
∑
Mi

(1+bt)
∑
Nj

(see Remark 5.1 for reasons).
For k > 1, this follows from Proposition 4.
For k = 1, it is because

a
∑

Mi − b
∑

Nj > b

(∑
Mi −

∑
Nj

)
≥
∑

Mi −
∑

Nj ≥ k − 1.

Remark 5.1. Let a = min
i
{ai} and let b = max

j
{bj}. Then the coefficient of tk in∏

(1+ait)
Mi∏

(1+bj t)
Nj

is at least that in (1+at)
∑
Mi

(1+bt)
∑
Nj

, if a > b and
∑
Mi −

∑
Nj ≥ k − 1.

Proof. Let a1 = max
i
{ai} and b1 = min

j
{bj}. As in the proof of Lemma 3, we write∏

(1 + ait)Mi∏
(1 + bjt)Nj

=
(1 + a1t)M1−1

(1 + b1t)N1−1

∏
i>1(1 + ait)Mi∏
i>1(1 + bjt)Nj

+ (a1 − b1)
(1 + a1t)M1−1

∏
i>1(1 + ait)Mi∏

(1 + bjt)Nj
t.
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By induction, the coefficient of tk is at least that in

(1 + at)
∑
Mi−1

(1 + bt)
∑
Nj−1

+ (a1 − b1)
(1 + at)

∑
Mi−1

(1 + bt)
∑
Nj

t.

By the notation in Lemma 3, this is

c(
∑

Mi − 1,
∑

Nj − 1, k) + (a1 − b1)c(
∑

Mi − 1,
∑

Nj , k − 1),

which is at least

c(
∑

Mi − 1,
∑

Nj − 1, k) + (a− b)c(
∑

Mi − 1,
∑

Nj , k − 1)

= c(
∑

Mi,
∑

Nj , k),

the coefficient of tk in (1+at)
∑
Mi

(1+bt)
∑
Nj
.

The initial step is either Proposition 4 or Lemma 3(i) and hypothesis.

Theorem 6. The coefficient of tk in
p∏
`=0

(
1 + (`+ 1)t

)(−1)`( n
p−`)

is positive for n ≥ 2p+ 1 and p ≥ 3.

Proof. First we assume p is even. Then our rational function is expression (2).

To use Remark 2.1, we define

N(r) :=
[

1
2

(
n
r

)
− n

2
+ 1
]
.(9)

Then expression (2) becomes

(1 + t)(
n
p)

(1 + 2t)N(p)

(1 + 3t)(
n
p−2)

[(1 + 2t)(1 + 4t)]N(p−2)
· · · (1 + (p− 1)t)(

n
2)

[(1 + (p− 2)t)(1 + pt)]N(2)
· P (t)(10)

where

P (t) = (1 + 2t)N(p)+N(p+2)−( n
p−1)(1 + 4t)N(p−2)+N(p−4)−( n

p−3) · · ·

(1 + pt)N(2)−(n1)(1 + (p+ 1)t).
(11)

We define

E(r) := N(r + 2) +N(r)−
(

n
r + 1

)
.

Note that

2E(r) =
(

n
r + 2

)
+
(
n
r

)
− 2

(
n

r + 1

)
− 2(n− 2)− ε,(12)

where ε ∈ {0, 1, 2}.
It is clear that there is an even integer p0 <

n
2 such that

E(r) ≥ 0 if and only if r ≤ p0.
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If p−2 ≤ p0, then P (t) is a polynomial and we are done. Otherwise, using our new
notation, (11) becomes

P (t) = (1 + 2t)E(p−2)(1 + 4t)E(p−4) · · ·(
1 + (p− 2)t

)E(2)(1 + pt)N(2)−n(1 + (p+ 1)t
)

=

(
1 + (p− p0)t

)E(p0) · · ·
(
1 + (p− 2)t

)E(2)(1 + pt)N(2)−n(1 + (p+ 1)t
)

(1 + 2t)−E(p−2)(1 + 4t)−E(p−4) · · · (1 + (p− p0 − 2)t)−E(p0+2)
.

(13)

According to Proposition 5, the condition for the coefficient of tk in P (t) to be
positive for k ≤ n− 1 is∑

p0≥ r
even
≥2

E(r) +N(2)− n+ 1−
(
−

∑
p−2≥ r

even
≥p0+2

E(r)
)
≥ n− 2

i.e. ∑
p−2≥ r

even
≥2

E(r) +N(2) ≥ 2n− 3.(14)

According to (9) and (12), it suffices to show∑
p−2≥ r

even
≥2

[(
n

r + 2

)
+
(
n
r

)
− 2

(
n

r + 1

)]

− (n− 2)(p− 2)− (p− 2) +
(
n
2

)
− n+ 1 ≥ 4n− 6.

(15)

The next lemma and simplification reduce it further to(
n− 1
p

)
−
(
n− 1
p− 1

)
≥ (p+ 1)(n− 1)− 2

or
(n− 1)!
p!(n− p)! (n− 2p) ≥ (p+ 1)(n− 1)− 2.(16)

For n ≥ 2p+ 1 and p ≥ 6, the left hand side is at least

(n− 1)(n− 2) · · · (n− p+ 1)
2 · 3 · · · p ≥ (n− 1)(n− 2)(n− 3)

4 · 5 · 6
(n− 4)(n− 5)

2 · 3(17)

≥ n(n− 1) (if n ≥ 14)

> (p+ 1)(n− 1)− 2.

For p = 6 and n = 13, one checks inequality (16) directly.
The case p odd is similar. Instead of (14), (16), (17) we have∑

p−2≥ r
odd
≥1

E(r) ≥ n− 2(14′)

(n− 1)!
p!(n− p)! (n− 2p) ≥ (p+ 2)(n− 1)− 3,(16′)
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(n− 1)(n− 2) · · · (n− p+ 1)
2 · 3 · · · p ≥ (n− 1)(n− 2)(n− 3)(n− 4)

4 · 5 · 6 · 7
(n− 5)(n− 6)

2 · 3
≥ (n+ 1)(n− 1)

> (p+ 2)(n− 1)− 3,(17′)

when n ≥ 2p+ 1, p ≥ 7 (hence n ≥ 15).
For p = 3 (respectively 4, 5), we check that inequality (14) or (14′) holds for

n ≥ 10 (resp. 10, 11), and the remaining few cases directly from (2).

Lemma 7. (i) Let p be even, then∑
p−2≥ r

even
≥2

(
n

r + 2

)
+
(
n
r

)
− 2

(
n

r + 1

)

=
(
n− 1
p

)
−
(
n− 1
p− 1

)
+ (n− 1)−

(
n− 1

2

)
.

(ii) Let p be odd, then

∑
p−2≥ r

odd
≥1

(
n

r + 2

)
+
(
n
r

)
− 2

(
n

r + 1

)
=
(
n− 1
p

)
−
(
n− 1
p− 1

)
+ 1−

(
n− 1

1

)
.

Proof of (i). The left hand side is(
n
2

)
+ 2
[(

n
4

)
−
(
n
3

)
+
(
n
6

)
−
(
n
5

)
+ · · ·+

(
n

p− 2

)
−
(

n
p− 3

)]
+
(
n
p

)
− 2

(
n

p− 1

)
.

Using
(
n
r

)
=
(
n−1
r

)
+
(
n−1
r−1

)
to simplify the above expression, we conclude the proof.

The proof of (ii) is identical.

The next theorem takes care of the cases p = 1 and p = 2.

Theorem 8. The coefficient of tk is positive for k ≤ n− 1 in the following expres-
sion

(i) (p = 1 case) (1+t)n

(1+2t) , except for k = n− 1 and n even.

(ii) (p = 2 case) (1+t)(
n
2)(1+3t)

(1+2t)n .

Proof. (i) The positivity follows from Lemma 1 and Proposition 2 (for a = 1).
Another way to look at this rational function is as the product(

1 +
(
n
1

)
t+

(
n
2

)
t2 + · · ·

)
(1− 2t+ 22t2 − · · · ).

The coefficient of tn−1 is

c(n) =
(

n
n− 1

)
− 2

(
n

n− 2

)
+ 22

(
n

n− 3

)
− · · ·

+ (−1)n−22n−2

(
n
1

)
+ (−1)n−12n−1.
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Since

(−1)n−12c(n) = (2 − 1)n − (−1)n,

c(n) = 0 if and only if n is even.

(ii) Proposition 2 implies that (1+t)(
n
2)

(1+2t)n has positive coefficient of tk for k ≤ n−1,
if n ≥ 7. The remaining cases are easy to check by hand.

2. The negative case

We first give criteria for the positivity of the coefficient of tk in rational functions
(7) and (8). Then we prove this for (6) and outline the difference for (6′).

Lemma 9. Let c(N,M, k) be the coefficient of tk in

[
(
1− (a− 1)t

)(
1− (a+ 1)t

)
]N

(1− at)M .

Then we have the following properties
(i) c(N,M, 0) = 1,

c(N,M, 1) = (M − 2N)a.

(ii) c(0,M, k) =
(
M + k − 1

k

)
ak,

(iii) c(N,M, k) = c(N − 1,M − 2, k)− c(N − 1,M, k − 2).

Proof. (i) is clear. For (ii) we use Taylor expansion of f(t) = (1 − at)−M . The
coefficient of tk is

f (k)(0)
k!

ak =
M(M + 1) · · · (M + k − 1)

k!
ak =

(
M + k − 1

k

)
ak.

(iii) As before, since the reasoning is the same, we write the case a = 1 for easier
reading.

(1− 2t)N

(1− t)M =
(1− 2)N−1

(1− t)M−2

(
1− t2

(1− t)2

)
=

(1 − 2t)N−1

(1− t)M−2
− (1− 2t)N−1

(1− t)M t2.

Proposition 10. Let c(N,M, k) be the coefficient of tk in

[
(
1− (a− 1)t

)(
1− (a+ 1)t

)
]N

(1− at)M .

For k > 1, if

a2(M − 2N + 1)(M − 2N) > Nk(k − 1),(18)

then

0 < c(N,M, k) < ak
(
M − 2N + k − 1

k

)
.
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Proof. Lemma 9 (iii) implies

c(N,M, k) = c(N − 1,M − 2, k)− c(N − 1,M, k − 2)

= c(N − 2,M − 4, k)− c(N − 2,M − 2, k − 2)− c(N − 1,M, k − 2)
...

= c(0,M − 2N, k)−
N−1∑
s=0

c(N − s− 1,M − 2s, k − 2).

We will use induction. First, we notice that if N,M, k satisfy assumption (18), then
so do N − s− 1,M − 2s, k − 2. Now, we check the initial step in the induction.

For k = 2,

c(N,M, 2) = c(0,M − 2N, 2)−
N−1∑
s=0

c(N − s− 1,M − 2s, 0)

= a2

(
M − 2N + 1

2

)
−N.

For k = 3,

c(N,M, 3) = c(0,M − 2N, 3)−
N−1∑
s=0

c(N − s− 1,M − 2s, 1)

= a3

(
M − 2N + 2

3

)
−N(M − 2N + 2)a

= (M − 2N + 2)a
(
a2 (M − 2N + 1)(M − 2N)

3 · 2 −N
)
.

Both satisfy the inequalities.
The induction argument is identical to the two cases above.

Remark 10.1. To optimize the use of this proposition, when N, k are given, we take

M =
[
2N +

√
N

a
k

]
+ 1,

and when M,k are given, we take

N =
[
M

2
− k

2a

√
M

2

]
.

Lemma 11. The coefficient of tk in

(1− at)N
(1− bt)M , 0 < a < b,

is positive, if

M ≥ N.

Proof. This is because

(1− at)N
(1 − bt)M =

(
1 +

(b− a)
(1− bt) t

)N 1
(1− bt)M−N ,

and both terms in the right hand side have positive coefficients in their expansions.
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Proposition 12. The coefficient of tk in∏
(1− ait)Ni∏
(1 − bjt)Mj

with ai < bj , ∀i, j

is positive, if ∑
Ni ≤

∑
Mj .

Proof. It suffices to show that the positivity of the coefficients of

(1 − at)
∑
Ni

(1− bt)
∑
Mj

implies that of
∏

(1−ait)Ni∏
(1−bjt)Mj

. Here a = max{ai}, and b = min{bj}. This follows from
the following two facts.

Assuming that (1−at)N
(1−bt)M has positive coefficients,

(i) if a′ < a, then so does (1−a′t)N
(1−bt)M ,

(ii) if b′ > b, then so does (1−at)N
(1−b′t)M .

These are because

(i) (1−a′t)N
(1−bt)M = (1−at)N

(1−bt)M

(
1 + (a−a′)t

(1−at)

)N
,

(ii) (1−at)N
(1−b′t)M = (1−at)N

(1−bt)M

(
1 + (b′−b)t

(1−b′t)

)N
.

Theorem 13. The coefficient of tk in
q∏
`=1

(1 − `t)(−1)`( n
q−`)

is positive for n ≥ 2q + 2 and q ≥ 4.

Proof. (i) For q ≥ 6 even, our rational function is expression (6). We want to write
the function as a product of rational functions with positive coefficient for ti for
i ≤ k. Most of these functions are in the form of (7). So we apply Remark 10.1 to
as many factors in the denominator of (6) as possible. We define

N(r) :=
[

1
2

(
n
r

)
− (n− 1)

2
√

2(q − r)

(
n
r

)1/2 ]
.(19)

(Note that N(r) ≥ 0 for 2 ≤ r < n
2 .)

Then (6) becomes

(1− 2t)N(q−1)

(1 − t)(
n
q+1)

[(1− 2t)(1− 4t)]N(q−3)

(1− 3t)(
n
q−3)

· · ·

[
(
1− (q − 4)t

)(
1− (q − 2)t

)
]N(3)(

1− (q − 3)t
)(n3) · P1(t)P2(t),

(20)

where

P1(t) = (1 − 2t)(
n
q−2)−N(q−1)−N(q−3)(1 − 4t)(

n
q−4)−N(q−3)−N(q−5)

· · ·
(
1− (q − 4)t

)(n4)−N(3)−N(5)(1− (q − 2)t
)(n2)−N(3)(1− (q − 1)t

)−n+[ k
q−1 ]+2
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and

P2(t) =
(
1− (q − 1)t

)−[ k
q−1 ]−2(1− qt).

P2(t) has positive coefficients because of Lemma 14.
For the positivity of P1(t), we define

E(r) :=
(
n
r

)
−N(r − 1)−N(r + 1).(21)

Then there is an even integer q0 such that q0 <
n
2 −

√
n

2 , and

E(r) ≤ 0 if and only if r ≤ q0.

If q − 2 ≤ q0, then P1(t) is of the form 1∏
(1−ait)ni and we are done.

If q − 2 > q0 and q ≥ 6, then

P1(t) =
(1 − 2t)E(q−2)(1− 4t)E(q−4) · · · (1− (q − q0 − 2)t)E(q0+2)(

1 − (q − q0)t
)−E(q0) · · ·

(
1− (q − 4)t

)−E(4)(1− (q − 2)t
)N(3)−

(
n
2

)(
1− (q − 1)t

)n−[ k
q−1 ]−2

.

(22)

According to Proposition 12, the condition for the positivity of P1(t) is∑
q0+2≤ r

even
≤q−2

E(r) ≤ −
∑

4≤ r
even
≤q0

E(r) +N(3)−
(
n
2

)
+ n−

[
k

q − 1

]
− 2

i.e. ∑
4≤ r

even
≤q−2

E(r) ≤ N(3)−
(
n
2

)
+ n−

[
k

q − 1

]
− 2.(23)

According to (19) and (21), it suffices to show∑
2
(
n
r

)
−
(

n
r − 1

)
−
(

n
r + 1

)
+

(n− 1)√
2

{
1

q − r + 1

(
n

r − 1

)1/2

+
1

q − r − 1

(
n

r + 1

)1/2}
+ q − 2

≤
(
n
3

)
− (n− 1)√

2(q − 3)

(
n
3

)1/2

− 2
(
n
2

)
.

Using Lemma 15 (i), we see that it suffices to show

(n− 1)√
2

{
1

q − 3

(
n
3

)1/2

+
∑

4≤ r
even
≤q−2

1
q − r + 1

(
n

r − 1

)1/2

+
1

q − r − 1

(
n

r + 1

)1/2}
≤
(
n− 1
q − 1

)
−
(
n− 1
q − 2

)
− q − 2

[
n− 1
q − 1

]
.(24)

Since q − 1 ≤ n
2 , on the left hand side of the inequality the largest binomial

coefficient is
(
n
q−1

)
. It suffices to replace the left hand side by

(n− 1)√
2

(
n

q − 1

)1/2(
1 +

2
3

+
2
5

+ · · ·+ 2
q − 5

+
2

q − 3

)
.
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It follows from Lemma 16 that it suffices to show

n− 1√
2

(
n

q − 1

)1/2 (q + 25)
14

+ q + 2
(n− 1)
q + 1

≤
(
n− 1
q − 1

)
−
(
n− 1
q − 2

)
=

(n− 1)!
(q − 1)!(n− q + 1)!

(n− 2q + 2).

On the other hand, for n
2 − 1 ≥ q ≥ 6,

q

n− 1
+

2
q + 1

<
9
10

<
1

14
√

2

(
n

q − 1

)1/2

.

So after dividing by n− 1, it suffices to show(
n

q − 1

)1/2 (q + 26)
14
√

2
≤ (n− 2)!

(q − 1)!(n− q + 1)!
(n− 2q + 2).(25)

After squaring both sides and simplifying, we have

n(n− 1)(q + 26)2

2 · 142
≤ (n− 2)!(n− 2q + 2)2

(q − 1)!(n− q + 1)!
(26)

i.e.

1 ≤ 49(n− 2)(n− 3) · · · (n− q + 2)(n− 2q + 2)2

n(n− 1)(q + 26)2(q − 1)(q − 2) · · · 6 · 5 · 3 .(27)

Our assumption n ≥ 2q + 2 gives
n

2
+ 25 ≥ q + 26.

Therefore it suffices to show

1 ≤ 4 · 49(n− 2) · · · (n− q + 2)(n− 2q + 2)2

n(n− 1)(n+ 50)2(q − 1) · · · 6 · 5 · 3 .(28)

Now (28) follows from

(n− 2)(n− 3) · · · (n− 6) · 3
n(n− 1)(n+ 50)2

> 1, if n ≥ 18,

and

4 · 49(n− 7)(n− 8) · · · (n− q + 2)(n− 2q + 2)2

3(q − 1)(q − 2) · · · 7 · 6 · 5 · 3 > 1, if q ≥ 9.

The last inequality holds, because it is at least

n− q + 2
12

12 · 4 · 49(n− 2q + 2)2

3 · 8 · 7 · 6 · 5 · 3 ,

and

12 · 4 · 49
3 · 8 · · · 5 · 3(n− 2q + 2)2 >

(n− 2q + 2)2

42
> 1.

For q = 8 (respectively 6), we check directly that for n ≥ 18 (resp. 14) inequality
(28) (resp. (24)) holds.
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(ii) For p ≥ 7, odd, we replace (6) by (6′), and (20), (22), (23), (24), (25), (27)
and (28) by

(1− 2t)N(q−1)

(1− t)(
n
q−1)

[(1 − 2t)(1− 4t)]N(q−3)

(1− 3t)(
n
q−3)

· · ·
[
(
1− (q − 3)t

)(
1− (q − 1)t

)
]N(2)(

1− (q − 2)t
)(n2) · P (t),

(20′)

where

P (t) = (1− 2t)E(q−2) · · ·
(
1− (q − 3)t

)E(3)(1− (q − 1)t
)n−N(2)(1− qt)−1

(22′)

=
(1− 2t)E(q−2)(1 − 4t)E(q−4) · · · (1 − (q − q0 − 2)t)E(q0+2)(

1− (q − q0)t
)−E(q0) · · ·

(
1− (q − 3)t

)−E(3)(1− (q − 1)t
)N(2)−n(1− qt)

,

∑
3≤ r

odd
≤q−2

E(r) ≤ N(2)− n+ 1,(23′)

q − 5 +
(n− 1)√

2

{
1

q − 2

(
n
2

)1/2

+
∑

3≤ r
odd
≤q−2

1
q − r + 1

(
n

r − 1

)1/2

+
1

q − r − 1

(
n

r + 1

)1/2}
≤
(
n− 1
q − 1

)
−
(
n− 1
q − 2

)
,

(24′)

(
n

q − 1

)1/2 (q + 27)
14
√

2
≤ (n− 2)!

(q − 1)!(n− q + 1)!
(n− 2q + 2),(25′)

1 ≤ 49(n− 2)(n− 3) · · · (n− q + 2)(n− 2q + 2)2

n(n− 1)(q + 27)2(q − 1) · · · 6 · 5 · 3 ,(27′)

1 ≤ 4 · 49(n− 2) · · · (n− q + 2)(n− 2q + 2)2

n(n− 1)(n+ 52)2(q − 1) · · · 6 · 5 · 3 .(28′)

For q = 7, we check directly that inequality (27′) holds for n ≥ 16.
(iii) For q = 4, we write (6) as

(1 − 2t)(
n
2)−n+N−1

(1− t)(
n
3)

(1− 2t)n−N

(1− 3t)n−N
(1− 2t)(1− 4t)

(1− 3t)N
.

Here N =
[
n
3 + 4

n

]
+ 1.

Proposition 10 and Lemma 11 imply positive coefficients for n ≥ 11. For n = 10,
one can easily check by hand.

For q = 5, we write (6′) as

(1− 2t)N2

(1 − t)(
n
4)

(
1− 2t
1− 3t

)(n2)−M1 [(1− 2t)(1− 4t)]n−1

(1 − 3t)M1

1− 4t
1− 5t

.
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Here

M1 = [2(n− 1) +
√
n− 2
3

(n− 1)] + 1

and

N2 =
(
n
3

)
−
(
n
2

)
+M1 − n+ 1.

Proposition 10 and Lemma 11 imply positivity for n ≥ 12.

Lemma 14. The coefficient of tk in
1− qt(

1− (q − 1)t)M
, q > 1,

is positive, if

(M − 1)(q − 1) > k.

Proof. We write
(
1− (q − 1)t

)−M as∑(
M + i− 1

i

)
(q − 1)iti.

The coefficient of tk is(
M + k − 1

k

)
(q − 1)k −

(
M + k − 2
k − 1

)
(q − 1)k−1q,

which is

(q − 1)k
(M + k − 2)!
k!(M − 1)!

[(M − 1)(q − 1)− k].

Remark 14.1. Similar to the argument in Proposition 10, one can show that if
c(N,M, k) is the coefficient of tk in

(1− at)N
(1− bt)M , a > b,

then

0 < c(N,M, k) < bk
(
M −N + k − 1

k

)
,

if b(M −N) > (a− b)NK.

Lemma 15. (i)
∑

4≤ r
even
≤q−2

2
(
n
r

)
−
(

n
r − 1

)
−
(

n
r + 1

)
=
(
n− 1
q − 2

)
−
(
n− 1
q − 1

)
+(

n− 1
3

)
−
(
n− 1

2

)
.

(ii)
∑

3≤ r
odd
≤q−2

2
(
n
r

)
−
(

n
r − 1

)
−
(

n
r + 1

)
=
(
n− 1
q − 2

)
−
(
n− 1
q − 1

)
+ 2.

Proof. Same as Lemma 7.

Lemma 16. 2
(

1
3 + 1

5 + · · ·+ 1
m−2 + 1

m

)
< 1 + m

14 .
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Proof. It is easy to see that by induction if the inequality holds for m > 12, then
it holds for m+ 2. The initial steps for m ≤ 12 can be done by hand.

Remark 16.1. The expression on the right hand side is obtained by bounding (1
3 +

1
5 ) + (1

7 + · · ·+ 1
m ) by 16

15 + (1
7 + 1

m )(m−5
2 ), and rounding it off.

Lemma 17. The coefficient of tk is positive for k ≤ n−1 in the following functions.
(i) (p = 1 case) 1

1−t .
(ii) (p = 2 case) 1−2t

(1−t)n , except for k = n− 1.

(iii) (p = 3 case) (1−2t)n

(1−t)(
n
2)(1−3t)

.

Proof. (i) is obvious. Case (ii) follows from Proposition 10. For case (iii), we apply
Proposition 10 and Lemma 11 to (1−2t)n−1

(1−t)(
n
2)

(1−2t)
(1−3) .
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